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Analysis of an Equivalent CCPE Connection 
Diagram of the One-port Circuit by Square-wave 

Voltage 
 

Plamen Ivanov Nikovski and Ivan Mihaylov Maslinkov  
 

Abstract - The possibilities of using the phase demodulation 
are examined in order to determine the parameters of one-
port circuits containing phase-constant elements in square-
wave voltage. The results can be useful for the purpose of 
creating new or improving the performance of existing 
measured transmitters. 
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I. INTRODUCTION 

 
 Usually the parameters of one-port circuit (OP) 
operating in sine wave voltage are determined following 
phase quadrature demodulation of the current flowing 
through it [4]. The use of this approach in measuring 
converters, which steady state regime is non sine wave, can 
be of interest in practice. The study will dwell upon a case 
in which to a presented with an CCPE  equivalent scheme 
OP is applied square-wave voltage Fig.1. CCPE  is one-
port circuit equivalent scheme composed of connected in 
parallel a ideal (perfect) capacitor and a phase-constant 
element. CCPE OP is a generalization of the classical 
parallel RC  OP in which the resistor is replaced with a 
phase-constant element described by differential equation 
of the following type: 
 

  )()(. tituDA Yt =α
∞−      ,  (1) 

 
where )(tuDt

α
∞− - is 

differentiation fractional 
operator of order α  
determined in 
accordance with the 
definition of Riemann-
Liouville [2, 5], 

ℜ∈α,А , 10 ≤α≤ , 
)(tuu =  and 
)(tii YY = - the voltage 

of the leads of the phase-
constant element and the 
current flowing through 
it respectively. Easily 
can be concluded that 
parallel RC  OP is a 

special case of CCPE , when 0=α . 

II. PRESENTATION OF )(tuDt
α

∞−  IN FREQUENCY 
DOMAIN 

 
 When we analyze the performance of electrical circuits 
described by fractional differential equations it is 
preferable to consider the relation between spectral 
characteristics of a given function )(tu  and its derivative 

)(tuDt
α

∞− . Let us assume that )(tu  has spectral 
characteristics ).( ωjU  
 

   ).()( ω⎯→← jUtu F      .  (2) 
 
Then [4] 
 

  ).(.).()( ωω⎯→← αα
∞− jUjtuD F

t      . (3) 
 

According to (3) fractional differentiation in time 
domain corresponds to multiplication by αω ).( j  in 
frequency domain. 

 
III. DETERMINATION OF THE AVERAGE 

CURRENT THROUGH THE ELEMENTS OF CCPE 
OP 

 
 When CCPE OP is powered by an ideal voltage source 

)(tu  Fig.1, the current )(ti  flowing through it carries 
charge: 

 
  )()()( tqtqtq YC +=       ,  (4) 

 
where 
 

   )(.)( tuCtqC =        and  (5) 

   )(. tuDA
dt

dqY α=       .  (6) 

 
To calculate )(tqY  it is necessary to solve the differential 
equation (6). In case of periodic input signal that can be 
most easily done by using the Fourier transformation: 
equation (6) is represented in frequency domain 
 
  ).(.)..().(.. ωω=ωω α jUjAjQj Y       , 
 
the spectral-response function is calculated ).( ωjQY  
 

 

Fig.1. CCPE one-port circuit  
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).( 1 ω
ω
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j

AjQY       or 

  ).(..).( 2
).1.(

1 ω
ω

=ω
π

α−−

α− jUеAjQ
j

Y  (7) 

 
and finally the function we are examining 
 

  ).()( ω⎯⎯← jQtq Y
F

Y        .  (8) 
 
 Equations (4), (5) and (8) give a full understanding of 
the circulation and distribution of the charge in CCPE  
OP. 
 The voltage u(t) is square-wave signal with peak 
amplitude Ua and period T  
 

   ( )).sin(sgn.)( tUtu a ω=     , (9) 
where           Tπ=ω .2  
 
which is represented by the following series of Fourier [3]: 
 

     ∑
∞

=

ω−
−π

=
1

.).1.2sin(.
1.2

1.4.)(
k

a tk
k

Utu     . (10) 

 
From (5) and (9) we receive 
 

  ( )).sin(sgn..)( tUCtq aC ω=      .  (11) 
 
Considering (7), (10) and the observation made in [1] we 
can determine 
 

∑
∞

=
−

−

⎟
⎠
⎞

⎜
⎝
⎛ −−−

−
⎟
⎠
⎞

⎜
⎝
⎛=

1
2

1

2
)1()12(sin

)12(
141)(

k
aY tk

k
AUtq παω

πω α

α
  (12) 

 
The resulting convergence series represent periodic 
symmetric conjugation function: )2()( Ttqtq YY +−= . 
Same properties characterize (11): )2()( Ttqtq CC +−= . 
In this case the average current specified by the charge 
conveyed through the capacitor, phase-constant element 
and CCPE  OP in interval {[t1 + nT], [t1 + (2n + 1)T/2]},   
n = 0, ±1, ±2, …   will be respectively: 
 

( ) ( )
=

+−++
=

T
ТntqTntq

tI CC
avC

.2).1.2(
.2)( 11

1
 

( ) ( ) ( )
T
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T

tqTtq CCC 111 .4
2

.2 −=
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=     ,or 

 

 ( )).sin(sgn...4)( 11 t
T
UCtI a

avC ω−=     ;  (13) 
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( ) ( ) ( )111 tItItI YavCavav +=      .   (15) 

Considering (13) and (14) as well as standard values 
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..4
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TtI avC
a

C ω−==  (16) 
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 (17) 

 
 Fig.2 represents the relation )( 1tII CC = . Fig.3 and 
Fig.4 represent the relation )( 1tII YY =  applying different 
values of α . 
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Fig.2 Relation of the average current flowing through 
the capacitor from the starting point t1: 

 with sine wave voltage; 
 with square-wave voltage. 
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Fig.3 Relation of the average current flowing through 
the phase-constant element from the starting point t1 

with square-wave voltage and α=0,5 
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Fig.4 Relation of the average current flowing through 
the phase-constant element from the starting point t1 

with square-wave voltage and α=0 
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IV. DEFINING THE PARAMETERS OF CCPE OP 
 
 Assuming the following after a phase demodulation of 

)(ti  with reference signal in quadrature and phase with 
)(tu  the average value of the current flowing through 

CCPE  OP is achieved: 
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and 
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 A and C can be calculated by consequently resolving the 
equations (18) and (19) having in mind the succession α of 
phase-constant element. As a result capacity C equals to 
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where a equals to 
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аnd a is correlated only to α . As presented in Fig.5 this 
method of determining the capacity is appropriate when 

7,06,0 ÷<α . In case of higher values of α growing rate 
of the coefficient a  and its reliability towards α  problems 
can arise for the practical realization of the method. 
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Fig.5 Relation of a coefficient from the succession α of 
phase-constant element. 

 
V.CONCLUSION 

 
 Correlations (18)÷(21) indicate that it is possible to use 
phase demodulation in order to determine parameters of the 
OP presented with CCPE equivalent circuit in a periodic 
square-wave signal. In a similar manner to the described 
above correlation can be discovered between other forms of 
input voltages. Regardless of the need to produce evidence 
attention is drawn to the fact that while average value of 
the current through the capacitor element C  in sine wave 
voltage is 
 

 ).sin()(.
..4

)( 111 ttI
UC

TtI avC
a

C ω−==      . (22) 

 
 Comparing (16) and (22) we conclude that in the square-
wave voltage the average value of the current through the 
element C equals the highest value of the current reached 
under sine wave voltage and is not influenced by t1 
(respectively of phase ω.t1) of within every semi period 
(Fig.5). As a result the output signal of the measuring 
transmitters while using square-wave voltage will be less 
reliable to phase distortions from the input circuit or out of 
it. 
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